Electrostatic fields in the toner image transfer nip of laser printers were calculated by exact solution of the Poisson equations for a two-dimensional (2D) model and by applying for the paper the approximation of dielectric thickness. Both the distribution and location of the electric field strength component parallel to the paper surface were investigated and field values were calculated for different paper and toner parameters. The conditions of the occurrence of Paschen discharge in the toner image transfer nip were analysed.
Introduction
In electrophotographic printers and copiers, the toner image is transferred from the photoreceptor onto the paper or onto an intermediate belt using an electric field. The quality of the transferred image depends on the electric field strength and its configuration in the transfer nip. Various aspects of toner image transfer have been widely investigated [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . An image transfer system is frequently quite complicated with a complex symmetry (Fig. 1) , the paper is dielectrically inhomogeneous, and an exact mathematical description of charge transfer (i. e., of transfer of the charged toner particles) is therefore especially complex. For this reason the image transfer dynamics are usually considered in terms of a simplified one-dimensional (1D) model [1, 4, 7] or a model based on the assumption that the field lines are perpendicular to every surface of the system layer [2, 6] . The latter assumption allows one to calculate the vertical component of the electric field perpendicular to the paper surface in a complex system though there is no exact justification for such approximation. Besides it is then impossible to evaluate the horizontal electric field component parallel to the paper surface, which is important in practice. The parallel component caused by the paper roughness has been Fig. 1 . Diagram of the system 'photoreceptor cylinder -toner (PCT) -paper -transfer cylinder', where σ is the surface charge density at the semiconductor-toner interface, Q is the toner space charge density, ρ1 is the semiconductor cylinder radius, h is the distance from the PCT center to the toner edge, d is the paper thickness, ρ2 is the radius of the transfer cylinder (all quantities are dimensionless; see the text).
evaluated using the method of finite elements [8] and it has been found to be quite small -about 1% of the perpendicular electrical field value. In addition, it has been shown [8] that values of the perpendicular component obtained using the 1D model may differ from the exact values obtained numerically by a factor greater than 2. It is clear that these models are only a crude approximation of a real image transfer system. Not only the mentioned paper dielectric inhomogenity and surface roughness, but also the geometry of a real system can have an essential role in the distribution of electrostatic field. In the toner-paper interface region the electric field has not only a vertical component perpendicular to the paper surface but also a horizontal component parallel to the paper surface. The latter component, together with the Paschen effect, can play role in the widening of the transferred image and its quality. The role of the geometry on the electric field distribution in the toner transfer nip is not investigated in detail but the rising requirements to the image quality make important the investigation of the impact of the geometry of toner transfer nip.
Various researches [8, 10, 11] have investigated the influence of the dielectric heterogeneity of paper and the role of paper microstructure on the toner image transfer using modified 1D models. Finite element methods can be used to study variation in the electric field z component with local variations in paper structure and dielectric properties, although the horizontal behaviour remains unclear.
A similar problem of calculating the electric field strength in a system with a complex configuration arises in the analysis of the photoreceptor charging by the cylinder [12] . In this case, electric fields have been evaluated using a 1D model and it is claimed that the results are in good agreement with experimental data, although there is no analysis of the limits of applicability of the 1D approximation [12] .
The present work is not concerned with problems of charge dynamics and paper inhomogeneity. Instead, the aim is to obtain exact solutions of the Poisson equation taking into account the 2D geometry of the system, in order to determine properties of electrostatic field in a toner image transfer system and to evaluate the parallel to the paper surface electric field component. Expressions of the photoreceptor and toner electrostatic potential are derived, the case of infinite dielectric permittivity of paper is analysed, and the highest value of electrostatic field strength is determined. Also the common methods for the calculation are formulated and other cases of paper parameters are analysed using the approximation of dielectric thickness.
Exact calculation of the electric field distribution and its dependence on the transfer nip geometry and paper dielectric permittivity and thickness enables one to predict the conditions of the occurrence of Paschen discharge. The results obtained may be important not only (a) (b) Fig. 2 . Diagrams of the investigated system in polar coordinates: (a) εp = ∞ and (b) εp = ε0. S, T are the points in the semiconductor and in the toner respectively; A is a point in the air.
for the definition of initial conditions for the transfer of charged toner particles, but also for the evaluation of results of 1D models.
Distribution of electrostatic potential in the cylinder-semiconductor-toner system
In all cases considered in this work, the photoreceptor cylinder of organic semiconductor was covered by a constant thickness toner layer (PCT) and only the photoreceptor and the toner properties (thickness, dielectric permittivity) were varied. The system is unlimited in the z direction perpendicular to the plane of the cross-section shown in Fig. 1 , and it is symmetric relative to the xOz plane (Fig. 2) .
The radius of the metal cylinder coated with the semiconductor layer is denoted R (cm), and its potential, which is equivalent to the toner image transfer potential, is denoted U 0 (V). The potential of the transfer cylinder is zero. In the analysis, if not stated otherwise we use dimensionless quantities: distances being expressed in units of R, and potentials in units of U 0 . Using such units, the radius of the cylinder and its potential are equal to unity (Fig. 1) , the paper thickness d is equal to the actual paper thickness d dim (cm) divided by R (cm), i. e., d = d dim /R, all dielectric permittivities are relative to the air dielectric permittivity. The latter value is ε 0 = 1 but in the text it is denoted as ε 0 . Dimensionless electric field strength is obtained after dividing the dimensional electric field strength by cylinder radius: U 0 (V) / R (cm) etc. The distribution of the potential U in the PCT part is then described in polar coordinates ρ and ϕ (Fig. 2) by the following equation:
where Q is the dimensionless space charge density
where R and U 0 quantities on the right-hand side of equation are dimensional; ε a is the absolute dielectric permittivity of the semiconductor or toner, and q is the dimensional space charge density (C/m 3 ). Since in the PCT region the polar radius ρ varies in a finite interval 1 ≤ ρ ≤ h (Fig. 1) , and the system is symmetrical relative to the xOz plane (Fig. 2) , the general expression of the potential is a linear combination of partial solutions of the homogeneous equation (1):
plus a partial solution of the inhomogeneous equation U q . Assuming that Q is independent of both ϕ and ρ, we obtain
In order to derive the general expressions for potentials in the semiconductor and in the toner, we assume that there is no space charge in the semiconductor, i. e. U q = 0. Thus, the general expression for the potential in the semiconductor is
where A 0 , A, A n , a n are constants. U S must satisfy the boundary condition U S (1, ϕ) = 1, so that A 0 = 1, a n = −A n , and (5) becomes
where 1 ≤ ρ ≤ ρ 1 (Fig. 1) , 0 ≤ ϕ ≤ π (Fig. 2) .
Since the toner space charge density Q = 0, the potential inside the toner U T is given by
where B 0 , B, B n , and b n are constants. The boundary conditions at ρ = ρ 1 (where ρ 1 − 1 is the semiconductor thickness, see Fig. 1 ) are
where ε 2 and ε 2 are the relative dielectric permittivity of the semiconductor and the toner respectively, σ is the dimensionless surface charge density on the semiconductor-toner interface
with R and U 0 dimensional; ε 1a is the absolute dielectric permittivity of the semiconductor, and σ d is the dimensional surface charge density, which is assumed constant. This work uses the approximation of complete charge compensation, therefore
where σ d , R, q are dimensional quantities, and h−ρ 1 is the dimensionless thickness of the toner (Fig. 1) . From (11), (10) , after inserting the toner absolute dielectric permittivity ε 2a in (2), we obtain
Using relations (8) and (9), we obtain the expression for the B 0 coefficient, which appears in equation (7), via the B coefficient, and the expressions for the B n and b n coefficients via the A n coefficient (see Appendix A). The resulting expression of the potential in the toner is
where
The constants B and A n are obtained from relationships between U T and the potential U A of the ambient air at the point ρ = h.
The case of infinite dielectric permittivity of paper (ε p = ∞)
When the dielectric permittivity of the paper is infinity, the surface potential of the paper facing the toner is equal to the potential of the transfer cylinder, i. e., it is equal to zero (the paper is assumed to be infinite in the y direction). The potential U A of the air between toner and paper must satisfy the boundary condition U A = 0 when x = −h ( Fig. 2(a) ), and it also must obey the corresponding continuity conditions between U A and U T . In order to simplify the mathematical expressions following from the boundary condition U A (x = −h) = 0, U A is there expressed in terms of solutions of Eq. (1) in two coordinate systems with different points of origin: O (as in Section 2) and O defined by x = −2h, where the latter point is obtained by reflecting O in the paper surface ( Fig. 2(a) ). The analysed region may be at an arbitrary distance from O and O , and the expression for U A must therefore contain only terms that do not vanish at infinity, i. e.
At points x = −h, we have ρ = ρ , ϕ = π − ϕ , cos ϕ = (−1) n cos nϕ. The boundary condition U a (x = −h) = 0 is satisfied when D n = −(−1) n C n , and
n cos nϕ ρ n .
(16) The radius vectors ρ and ρ at any point in space are related as follows ( Fig. 2) :
hence these vectors and their projections on the x axis are related by expressions ρ = r 2 + ρ 2 + 2rρ cos ϕ ,
The values of the constants C, C n , B, A n are obtained from the conditions
(19) U T (13) is expanded in a Fourier series relative to ϕ, so that the equations for the constants can be obtained by equating the corresponding Fourier coefficients on both sides of equalities (19). After eliminating B and A n from the equations thus obtained, the following system of algebraic equations is obtained for the determination of C and C n (see Appendix B):
Here,
and ϕ is calculated from Eq. (18) after setting ρ = h.
Equations (20) are solved by replacing infinite sums with finite sums: n max = N , the value of N being chosen so that any further increase does not affect the final results within the permitted uncertainty limits. Results of the calculation of various components of the electric field strength in the air between toner and paper (perpendicular component relative to the paper surface E x (x, y) = −∂U A /∂x, parallel component relative to the paper surface E y (x, y) = −∂U A /∂y, radial component relative to toner external surface E ρ (h, ϕ) = −(∂U A /∂ρ)| ρ=h , and tangential component relative to toner external surface E ϕ (h, ϕ) = −(1/ρ · ∂U A /∂ϕ)| ρ=h ) near the toner are shown in Figs. 3 and 4. In the case discussed in this section (ε p = ∞), the results obtained do not depend on the size of the support cylinder, and the calculated value of E x is the largest possible value of E x that can be obtained by varying ε p and paper thickness.
The case
Assuming hypothetically that the paper has dielectric permittivity ε p = ε 0 and has no space charge, the paper is mathematically equivalent to air, and the magnitude of E x near the toner is the smallest possible. The field strength depends on the radius of the transfer cylinder and on the paper thickness. Considering the case when transfer roller is replaced by the conductive plate, i. e. when ρ 2 → ∞ (the case of finite ρ 2 will be discussed separately), we can then use the formulas of Sec. 3, with r replaced by r = 2(h + d). The dependence of the field strength components is shown in Figs. 5 and 6.
The case of the real paper
In a 1D system, e. g. made of an air and dielectric layer having no space charge, the electrostatic field strength in the air does not depend on dielectric thickness and dielectric permittivity separately but depends on their ratio only. In the system shown in Fig. 1 the paper and the air between paper and toner is not a 1D system but it may have some properties of 1D system locally. Having in mind that the paper thickness d ≤ 0.02 and obtaining the values of electric field strength at paper surface from Figs. 3 and 5, we obtain that the change of electric field strength in the practicaly important y axis region 0.1 ≤ y ≤ 0.2 does not exceed 10%. Thereby the local homogeneity on y axis exists at the mentioned accuracy and herewith one-dimensionality exists also. Thus in the analysis of a real paper case we consider that the paper dielectric properties are dependent only on its dielectric thickness d 0 = d/ε p . The validity of this approach we will analyse later but here we will only note that in the limiting cases ε p = ∞,
At above-mentioned conditions there is no need in the additional mathematical apparatus to calculate the electric field strength: it is sufficient to replace the paper thickness d 0 by the paper dielectric thickness in the formulas from the third section (ε p = ε 0 ). The calculation results are presented in Figs. 7-9.
Discussion
The results are discussed for a single side of the gap between the photoreceptor and the paper that corresponds to y ≥ 0. The electric field strength and its distribution on the other side of the gap (y ≤ 0) will be different because in a printer the toner is then on the paper and the calculation is not directly applicable then.
The results presented in Figs. 4 and 6 indicate that the radial and tangential components E ρ and E ϕ of the electric field on the toner surface exist in an approximately 30-degree wide interval 180 • > ϕ > 150 • (this interval corresponds to a distance equal to 0.6 times the photoreceptor radius, as measured along the paper surface) and rapidly decrease to zero with increasing ϕ. When ε p = ∞, the largest values of E ϕ and of the ratio E ϕ /E ρ (see Fig. 4(b, c) ) are larger than the corresponding values when ε p = ε 0 (Fig. 6(b, c) ), and the latter values decrease with increasing paper thickness d. For the real paper ε p > ε 0 , but an increase in ε p has Fig. 3 . Dependence of electric field strength in U0 (V) / R (cm) units on the distance y in the air between toner and paper at various heights h + x above the paper when εp = ∞. Left-hand scale: in (a) vertical component (perpendicular to the paper surface), in (b) horizontal component (parallel to the paper surface), in (c) their ratio. For all curves, h = 1.005, ρ1 = 1.001; ε1 = 2; ε2 = 2.5; Q = 200. Right-hand scale: the broken line represents the external toner surface. y and h + x are in R (cm) units.
qualitatively the same effect as a decrease in d, and this means that for real paper the largest values of E ϕ and of the ratio E ϕ /E ρ would not exceed the values obtained for ε p = ∞. Thus, for the analysed geometry and the h, ρ 1 , ε 1 , ε 2 values indicated in Figs. 4, 6 and for any d and ε p , E ϕ does not exceed 0.04E ρ (see Fig. 4(c) ). Therefore, in the mentioned case the field lines can be assumed to be perpendicular to the toner surface. On the paper surface, the perpendicular and parallel to paper surface components E x (−h, y) and E y (−h, y) are greatest in the interval 0 ≤ y ≤ 0.5 (Figs. 3(a),  5(a, b), 7(a, b) ). This corresponds to the mentioned interval of ϕ values (180 • > ϕ > 150 • ). When ε p = ε 0 , the largest value of the E y component (E yMAX ) on the paper surface decreases with increasing d, but is equal to zero when d = 0 (when ε p = ∞). It follows that E yMAX has a maximum as a function of d. The results indicate that this maximum is at d = 0.005. However, the ratio E yMAX /E x increases with d and it can exceed 0.15 (Fig. 7(c) ). This value is essentially higher as compared with that obtained analysing the paper roughness influence [8] . This ratio also shows that the assumption of the perpendicularity of electric field lines to the paper surface [2, 6] may be quite crude. Assuming that the field line is perpendicular to the paper surface and that E yMAX /E x ≤ 0.03, it follows that for paper with e. g. ε p = 10 this would be the case if the paper thickness d ≤ 0.02 (Fig. 8(c) ). For example, if the photoreceptor diameter is 30 mm, then the paper thickness would be 300 µm and the paper would have Fig. 4 . Dependence of electric field strength in U0 (V) / R (cm) units on the angle ϕ (Fig. 2(a) ) in the air near the toner surface (ρ = h) when εp = ∞. Left-hand scale: in (a) radial component, in (b) tangential component, in (c) their ratio. h, ρ1, ε1, ε2, Q are the same as in Fig. 3 . Right-hand scale: the broken line represents the external toner surface.
a large content of salt added in order to increase the electrical conductivity. In any case, there is a real probability that the component E y on the paper surface decreases the resolution of an image. The non-zero value of E y above the paper also contributes to this effect. An increase in toner dielectric permittivity leads to a decrease in the effective distance between the poles of potential, i. e., has the same effect as a decrease in paper thickness. It is also clear that the electric field depends on the ratio of the dielectric thicknesses of toner and paper ((h − ρ 1 )/ε 2 and d/ε p , respectively). For a toner thickness h − ρ = 0.004, an increase of toner dielectric permittivity from 2.5 to 10 leads to a decrease in dielectric thickness of 0.0012. When ε p = ε 0 and d = 0.02, this is an insignificant effect. However, for real paper with ε p = 3 and d = 0.02, the suggested increase in ε 2 has approximately the same effect as a change in paper thickness from d = 0.02 to 0.0055. When ε p = ε 0 , ε 2 = 2.5 this would thus be significant. Calculations with different toner dielectric permittivity confirm these qualitative conclusions. In Fig. 7(b, c) , this is shown only for the E y component (curves 2, 4 and 5, 6).
For the model discussed here, the horizontal component of the electric field E y is not always zero (E y > 0). This causes some spreading of charged toner on the paper surface, particularly in the practically important region 0 < y < 0.5. Calculations (also see Fig. 7 non-zero value of E y in this region is the main difference between the discussed model and the 1D approximation. Another difference is the dependence of the vertical component E x on the distance to the paper surface (Figs. 3(a) , 5(a); also see further in this section). An important contribution to E y comes from the logarithmic term in potential U A , which on the paper surface (x = −h) is given by (Appendix B)
where C is the constant appearing in the expression for the potential (16). If the point O in Fig. 2(b) is located on the axis of the support cylinder, then, for finite ρ 2 , r = h + ρ 2 + d. Taking into account that C < 0 we obtain ∆E y < 0 when ρ 2 + d < h. Thus, under certain conditions the focusing of the transferred toner is possible. This indicates that using a transfer cylinder with a certain finite diameter it is possible to obtain a better image than when the toner image is transferred onto an intermediate flat transfer belt (when ρ 2 approaches infinity).
The calculated values of the vertical component of the electric field on a paper surface when y = 0 (i. e., E x (−h, 0)) are equal to the values of field strength E given by the 1D model, when the 1D field is calculated under the same conditions as E x (x, y), i. e., when ε p = ∞ or ε p = ε 0 . This should also apply for the real paper (ε p = ε 0 ). This means that the interpolated value of E x on the real paper surface E Calculating E for real paper from the 1D equality
assuming the same weights for E (MAX) x (−h, y) and E (MIN) x (−h, y) for all y, and taking those weights from the case when y = 0, we obtain
Figure 8(a) (curves 7 and 3) presents the comparison of the calculation results obtained by using expression (25) and by applying the paper dielectric thickness approximation. The proximity of the results shows the reliability of the used methods.
It is known (e. g. [2, 7] ) and has been mentioned in the introduction of this work that one of the transferred toner image quality deteriorative factors on the Paschen discharge. The conditions of the latter effect are not investigated enough. Our work gives the possibility to determine the initial conditions of Paschen effect in the toner image transfer nip. Without going further into the air ionization phenomena mechanisms, we have taken the Paschen curve [13] which has been determined under conditions when the field strength is the same at all points in the air gap. Although in the analysed image transfer system the electric field in the air gap is not strictly homogeneous, in the supposed region of Paschen effect y does not exceed 0.15R (cm) and the degree of inhomogeneity as seen from Fig. 9(b, c) is not significant. Figure 9 presents calculation results when the paper is characterized by its dielectric thickness d 0 . Figure 9(a) illustrates the Paschen effect and shows that at U 0 = 10 3 V, R = 0.01 m the semiconductor thickness ρ 1 − R is 10 µm and toner thickness h − ρ 1 is 40 µm, and the largest interval of thickness x 1 of the air gap between the paper and the toner where the effect is possible is from 16 to 73 µm. This interval corresponds to a paper dielectric thickness d 0 = 0. As the dielectric thickness increases, the interval for the effect narrows and, when d 0 ≥ 9 µm, it disappears completely. The thickness x 1 and its air coordinate y are related to each other by the expression y = (2h − x 1 )x 1 (see Fig. 9(b) , right-hand scale), from which it follows that for the chosen set of transfer nip parameters the abovementioned interval of x 1 values (16 to 73 µm) corresponds to y values from 570 to 1210 µm. Calculations, which are partly illustrated in Fig. 9(b) , indicate that when the paper dielectric thickness varies from 2 to 200 µm, the y coordinate, which gives the distance from the xOz plane to the point of the maximum horizontal component of the electric field strength E y (i. e., E yMAX ), increases from 390 to 1210 µm. Thus, it includes the complete interval of the maximum Paschen effect. Besides, E yMAX increases from the paper surface towards the toner surface. For example when the paper dielectric thickness d 0 = 40 µm, E yMAX increases from 3.8 up to 5.3 V and comprises 3-4% of the vertical component of field strength in that region of the air (see Fig. 8 ). In the region of the Paschen effect, the vertical component of field strength E x does not change significantly from the paper surface towards the toner (see Fig. 9 (c)) and it is practically the same as in the 1D model, which assumes the paper thickness equal to x 1 . Far from the Paschen effect region, e. g., when y ≥ 0.005 m, the relative increase in E x from the paper towards the toner is more noticeable (see Figs. 3(a), 5(a) ).
At the mentioned values of R, ρ 1 , and h the Paschen effect can only occur when the cylinder potential exceeds 870 V (see Fig. 9(a) ). However, in the case of paper with ε p = 10 and thickness 100 µm (dielectric thickness 0.001) the Paschen effect will occur when the potential exceeds 1020 V. The situation is different for other values of R, ρ 1 , and h. If R and ρ 1 are the same as before and the toner thickness is reduced by one half, then the Paschen effect takes place when U 0 exceeds 730 V, whereas the maximum region of this effect widens (curve 5 in Fig. 9(a) ) and its distance to the xOz plane ranges from 390 to 1330 µm. According to the 1D model [7] , at U 0 = 1000 V, paper thickness 80 µm, toner thickness 13.2 µm, and paper and toner relative dielectric permittivity 2.5 and 1.7 respectively, the Paschen effect begins at air gap 18.6 µm. Our calculation shows that in the case of work [7] parameters and when R = 1 cm the Paschen effect is impossible. For the effect at abovementioned air gap to occur the Fig. 9 . Paschen effect. (a) conditions for the Paschen effect. 1, . . ., 6 are dependences of potential change in the air gap on the layer thickness x1, when the cylinder radius is 1 cm, semiconductor and toner thicknesses are 10 and 40 µm, respectively, dielectric permittivities are ε1 = 2 and ε2 = 2.5, respectively; 7 is Paschen curve [9] . In (b), left-hand scale is variation of the horizontal component of electric field Ey in the Paschen effect region, right-hand scale is dependence of thickness of the air gap between paper and toner on the air coordinate y (dashed line). (c) Variation of the vertical component Ex in the Paschen effect region (the end-points of the curves correspond to the toner surface).
Ex , Ey are in U0 (V) / R (cm) units; y, x, h + x are in R (cm) units.
potential must be increased up to ≥1.5U 0 . Calculation also shows that the Paschen effect potential and the components of electric field in the air between the toner and the paper depend (accuracy ≤1%) only on the ratio d toner /ε 2 and do not depend on either the toner thickness or its dielectric permittivity separately.
For other values of R, e. g. when R varies from 0.5 to 2 cm, the minimum value of the potential which must be exceeded in order for the Paschen effect to occur remains equal to 870 V, whereas the distance from the xOz plane to the maximum region of the effect increases and this region becomes wider (when R = 2 cm, the furthest point is at 1710 µm).
Conclusions
Exact solutions of the Poisson equation for 2D case of a flat paper transported in a toner image transfer system allow one to draw the following conclusions:
1. With the photoreceptor cylinder radius R = 0.01 m, the semiconductor thickness 10 µm, and the toner thickness 40 µm, the Paschen effect occurs when the cylinder potential U 0 exceeds 870 V. When U 0 = 10 3 V, the distances from the xOz plane (i. e., the plane perpendicular to the paper surface passing through the axis of the cylinder) to the endpoints of the maximum interval where the Paschen effect takes place are 570 and 1210 µm. As the paper dielectric thickness d 0 increases from d 0 = 0 (i. e., from ε p = ∞ to finite ε p ), the interval of the effect narrows, and it disappears completely when d 0 ≥ 9 µm (Fig. 9 ).
2. In the air between the paper and toner and on the paper surface, the electric field strength has a horizontal component parallel to the paper surface, E y , the maximum E yMAX of which at paper surface occurs at a distance from the xOz plane that depends on the paper dielectric thickness: as the dielectric thickness increases from 2 to 200 µm, the distance increases from 390 to 1210 µm (Fig. 8) .
In the region of the Paschen effect, the value of E yMAX can be up to 4% of the value of the vertical component of field strength perpendicular to the paper surface. At the paper dielectric thickness d 0 > 200 µm and outside of the Paschen effect region the horizontal component parallel to the paper surface can be even 10-15% of the vertical component ( Figs. 7 and 8 ).
3. The perpendicular to the paper surface component of the electric field strength E x rapidly decreases with increasing distance from the xOz plane. In the region between the xOz plane and the furthest edge of the Paschen effect region, the dependence of E x on the distance to the paper surface in the nip between the paper and the toner is insignificant and that component is practically equal to the field strength obtained in the 1D model ( Fig. 9(c) ). However when the distance from xOz plane outside the Paschen effect furthest edge is increasing, the calculated in a 2D model E x value depends substantially (Figs. 3 and 5) on the distance from the paper surface and differs essentially from the value obtained in 1D model.
Appendix

A. Derivation of expression (13) for toner potential
The expanded versions of equations (8) and (9) are
In the latter equation, the expression of σ given in equation (12) has been incorporated. After equating the coefficients at cos nϕ and the terms that do not depend on ϕ on both sides of the equations, we obtain
From (A.3) it follows that
(A.5) From (A.4),
After combining (7) with (A.5) and (A.6), equation (13) is obtained:
B. The case ε p = ∞. Derivation of equations for calculating air potential constants and expressions for components of electric field strength
After expansion, the conditions in equation (19) can be written as follows:
3)
The final term on the left-hand side of (B.2) has been obtained using the expression 
and (B.2) gives
After obtaining B from (B.8) and substituting that expression in (B.7), we have
Using equations (18), we transform the integrand of the (B.9) integral:
After integrating the final term of this equation by parts and using the following expression (which follows from equation (18)),
we have
When n = 1, the integral on the right-hand side of (B.13) (without the multiplier 1/r) is equal to (B.6). Therefore, 
and (B.2) gives The term in the integrand of (B.18a), which includes the factor n/m, is transformed using (B.10a), and the resulting function We shall now derive expressions for the electric field components. In order to find E x and E y , the quantities ρ, ρ , ϕ, ϕ will be expressed as functions of coordinates x, y, measured from the origin O: ρ = x 2 + y 2 , ρ = (x + r) 2 + y 2 , ϕ = arccos x x 2 + y 2 , ϕ = arccos 
